Coupled fixed point theorems and coupled coincidence theorems for both mixed monotone mapping and mixed g− monotone mapping are proved in partially ordered sets.
Introduction
Fixed point theory is one of the most important area of research in Mathematics. Tarski's theorem, related to the existence of fixed point for an order preserving mapping defined on a complete lattice is one of the well known result in fixed point theory. In 1961 S. Abian and A. B. Brown [1] established fixed point theorems in partially ordered set which extends Tarski's fixed point theorem to a more general setting. Followed by this several authors have proved extensions and generalizations of fixed point theorems in partially ordered sets [3, 4, 6, 9, 11] . In 1987 Guo and Lakshmikantham [8] introduced the concept of coupled fixed point. Later Gnana Bhaskar and Lakshmikantham [7] demonstrated several coupled fixed point theorems for mixed monotone mappings defined on partially ordered complete metric spaces. In [12] Ciric and Lakshmikantham introduced a mapping called mixed gmonotone mapping, a generalization of mixed monotone mapping and proved coupled coincidence theorem for a self mapping g and a mixed g-monotone mapping defined on a partially ordered complete metric space. In [2, 5, 10, 13, 14, 15] many more coupled fixed point theorems are proved. In this paper three coupled fixed point theorem and two coupled coincidence theorems in partially ordered sets are proved. Some needful definitions are given below: Definition 1.1. [7] Let X be a set and f : X × X −→ X be a mapping then a point (x, y) ∈ X × X is said to be a coupled fixed point if f (x, y) = x and f (y, x) = y.
Let (X, ≤) be a partially ordered set and let f : X × X −→ X be a mapping then f is said to satisfy mixed monotone property if for all x, y, u, v ∈ X, x ≤ u implies that f (x, y) ≤ f (u, y); and v ≤ y implies that
Let (X, ≤) be a partially ordered set. Let f : X × X −→ X and g : X −→ X be two mappings then f is said to satisfy mixed g− monotone property if for all x, y, u, v ∈ X, g(x) ≤ g(u) implies that f (x, y) ≤ f (u, y); and
Let (X, ≤) be a nonempty partially ordered set and f : X × X −→ X be a mapping. We say that a
Throughout this paper let (P, ≤) be a nonempty partially ordered set. Define a partial order ≤ on P × P as:
Main Results
In this section first we define an (x, y)− chain and the set W (x, y) as in [1] and prove a theorem on partially ordered set.
Definition 2.1. Let (P, ≤) be a partially ordered set and f : P × P −→ P. For any (x, y) ∈ P × P, an (x, y)− chain C r,s is a subset of P × P satisfying the following conditions:
1. C r,s is well ordered with (x, y) as its first element and (r, s) as its last element.
If
(u, v) ∈ C r,s and (u, v) ̸ = (r, s) then ( f (u, v), f (v, u)) ∈ C r,s and (u, v) < ( f (u, v), f (v, u)) and there does not exist any (p, q) ∈ C r,s such that (u, v) < (p, q) < ( f (u, v), f (v, u))
If T is a non empty subset of C r,s then the least upper bound of T exists and is in C r,s
For any (x, y) ∈ P × P define W (x, y) = {(r, s) ∈ P × P : an (x, y) − chain C r,s having (r, s) as its last element exist} Lemma 2.3. If (r 1 , s 1 ), (r 2 , s 2 ) ∈ W (x, y) be two different points and C r 1 ,s 1 is an (x, y)-chain with last element (r 1 , s 1 ) then either (r 2 , s 2 ) ∈ C r 1 ,s 1 or (r 1 , s 1 ) < (r 2 , s 2 )
Proof. By condition (1) of definition 2.1, T = C r 1 ,s 1 ∩ C r 2 ,s 2 ̸ = / 0. Now lubT exists and is in T by condition (3) . 
Proof. Existence follows from Lemma 2.1 and Uniqueness follows from Lemma 2.3.
Theorem 2.1. Let (P, ≤) be a nonempty partially ordered set, f : P × P −→ P be a mapping and (x, y) ∈ P × P be an arbitrary element, then W (x, y) is well ordered with (x, y) as its first element. Moreover if (µ, ξ ) = lub W (x, y) exists then W (x, y) is an (x, y)-chain with (µ, ξ ) its last element and either
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Proof. From Lemma 2.3 it is clear that W (x, y) is totally ordered. Let / 0 ̸ = H ⊆ W (x, y). Let (r, s) ∈ H so, (r, s) ∈ H ∩C r,s which implies that, a minimal element of H ∩C r,s say (z 1 , z 2 ) exist. which implies that, (z 1 , z 2 ) is the minimal element of H By condition (1) (x, y) ∈ W (x, y) and (x, y) ≤ (r, s), ∀ (r, s) ∈ W (x, y). So W (x, y) is well ordered with (x, y) its first element. Next suppose that (µ, ξ ) = lub W (x, y) exist. Consider W = W (x, y)∪{(µ, ξ )}, clearly W is well ordered with (x, y) as its first element and (µ, ξ ) as its last element. Let (u, v) ∈ W with (u, v) ̸ = (µ, ξ ). Since (µ, ξ ) = lub W (x, y), Q = {(p, q) ∈ W (x, y) : (u, v) < (p, q)} ̸ = / 0. Q ⊆ W (x, y) implies that, Q has a minimal element say (α, β ). Therefore, (u, v) < (α, β ). Now consider C α,β , by condition (2) we get ( f (u, v), f (v, u)) = (α, β ). ie, for all (u, v) ∈ W with (u, v) ̸ = (µ, ξ ), ( f (u, v), f (v, u)) ∈ W with (u, v) < ( f (u, v), f (v, u)) and there exist no (p, q) ∈ W such that (u, v) < (p, q) < ( f (u, v), f (v, u)). Now let / 0 ̸ = M ⊆ W . Clearly (µ, ξ ) is an upperbound of M. If there exist no (u, v) ∈ W with (u, v) ̸ = (µ, ξ ) such that (u, v) is an upperbound of M, then (µ, ξ ) = lubM If there exist a (u, v) ∈ W with (u, v) ̸ = (µ, ξ ) such that (u, v) is an upperbound of M, then M ⊆ C u,v . Now by condition (3) lubM ∈ C u,v implies that, lubM ∈ W Therefore, W is an (x, y)-chain with last element (µ, ξ ) so, (µ, ξ ) ∈ W (x, y) Thus, W (x, y) = W . Next suppose (µ, ξ ) ≤ ( f (µ, ξ ), f (ξ , µ)). By Lemma 2.2 ( f (µ, ξ ), f (ξ , µ)) ∈ W (x, y), which is a contradiction if (µ, ξ ) ̸ = ( f (µ, ξ ), f (ξ , µ)) . So either (µ, ξ ) ( f (µ, ξ ), f (ξ , µ)) or (µ, ξ ) = ( f (µ, ξ ), f (ξ , µ)).
Coupled fixed point theorems
In this section we prove three coupled fixed point theorems in which first two theorems utilize previous theorem to prove the existence of coupled fixed point. In the third theorem we show that the set of coupled fixed point of f , coup( f ) is nonempty and has a minimal element. Proof. If x 0 = f (x 0 , y 0 ) and y 0 = f (y 0 , x 0 ), then the proof is complete. Otherwise
Consider W (x 0 , y 0 ), which is nonempty well ordered subset of P × P. By hypothesis (µ, ξ ) = lub W (x 0 , y 0 ) exists. µ) ), so by Theorem 2.1 the result follows. µ) ), again by Theorem 2.1 the result follows.
Corollary 2.1. Let (P, ≤) be a nonempty partially ordered set with every nonempty well ordered subset of P × P which is bounded above has a least upper bound. Let f : P × P −→ P be a mixed monotone mapping and let there exist two elements a, b ∈ P such that a ≤ f (a, b) and 
Proof . Let (a, b) be an arbitrary element of P × P. By Theorem 2.1 W (a, b) is well ordered with first element (a, b). Proof. Let Q be the set of all special chains of P × P.
Given (x 0 , y 0 ) ∈ P × P such that ( f (x 0 , y 0 ), f (y 0 , x 0 )) ≤ (x 0 , y 0 ) and by the mixed monotone property of f we get,
Clearly (Q, ⊆) is a nonempty partially ordered set, and by Zorn's lemma there exist a maximal element S ′ ∈ Q. Now by hypothesis there exist a lower bound u) )} is again a special chain in P × P, which is a contradiction.
Next we will prove that this same (u, v) is the minimal element of coup( f ), the set of coupled fixed point of f . Assume (u, v) is not the minimal coupled fixed point of f Therefore there exist a coupled fixed point (α, β ) of f such that (α, β ) < (u, v).
We have ( f (α, β ), f (β , α)) = (α, β ), so the chain S ′ ∪ {(α, β )} is a special chain in P × P, which is a contradiction. Thus the proof.
Coupled coincidence theorems
In this section we prove two coupled coincidence theorems. Theorem 2.2 is applied to prove the first coupled coincidence theorem and in the second theorem we prove the existence of a coupled coincidence point of an onto mapping g and a mixed g-monotone mapping f . Theorem 2.5. Let (P, ≤) be a nonempty partially ordered set and least upper bound of every nonempty subset W of P × P which is bounded above exists. Let g : P −→ P be a mapping such that for every x, y ∈ P if g(x) ≤ g(y) then x ≤ y, and for x, y, s ∈ P if g(x) ≤ s ≤ g(y) then g −1 (s) ̸ = / 0. Furthermore let f : P × P −→ P be mixed monotone and let there exist a, b ∈ P with a < b satisfying g(a) ≤ f (a, b) and f (b, a) ≤ g(b) , then there exist a point (µ, ξ ) ∈ P × P with a ≤ µ, ξ ≤ b such that f (µ, ξ ) = g(µ) and f (ξ , µ) = g(ξ ).
Proof . Suppose g(a) = f (a, b) and f (b, a) = g(b) , then the result holds. Otherwise (g(a), g(b)) < ( f (a, b), f (b, a) ). Consider the set {T i } of all nonempty subsets T i ⊆ P such that there exist t i ∈ P with g −1 (t i ) = T i . Clearly {T i } ̸ = / 0. By axiom of choice there exist a function ϕ : a) . So the set Q, the mapping f | Q×Q and the point (a, b) ∈ Q × Q satisfy the hypothesis of Theorem 2.2. Hence the result follows from Theorem 2.2.
Theorem 2.6. Let (P, ≤) be a nonempty partially ordered set with every nonempty chain of P × P has a least upper bound. Let g : P −→ P be an onto mapping and f : P × P −→ P be a mixed g− monotone mapping. If there exist x 0 , y 0 ∈ P such that g(x 0 ) ≤ f (x 0 , y 0 ) and f (y 0 , x 0 ) ≤ g(y 0 ), then there exist a point (µ, ξ ) ∈ P × P such that f (µ, ξ ) = g(µ) and f (ξ , µ) = g(ξ ).
Proof. Given x 0 , y 0 ∈ P such that (g(x 0 ), g(y 0 )) ≤ ( f (x 0 , y 0 ), f (y 0 , x 0 )). If (g(x 0 ), g(y 0 )) = ( f (x 0 , y 0 ), f (y 0 , x 0 )) then the proof is complete.
Otherwise (g(x 0 ), g(y 0 )) < ( f (x 0 , y 0 ), f (y 0 , x 0 )). Since g is an onto mapping, there exist x 1 , y 1 ∈ P such that f (x 0 , y 0 ) = g(x 1 ) and f (y 0 , x 0 )) = g(y 1 ). So (g(x 0 ), g(y 0 )) < (g(x 1 ), g(y 1 )), by mixed g− monotone property of f we get f (x 0 , y 0 ) ≤ f (x 1 , y 1 ) and f (y 1 , x 1 ) ≤ f (y 0 , x 0 ). ie, (g(x 1 ), g(y 1 )) ≤ ( f (x 1 , y 1 ), f (y 1 , x 1 )). If (g(x 1 ), g(y 1 )) = ( f (x 1 , y 1 ), f (y 1 , x 1 )) then the proof is complete. Otherwise (g(x 1 ), g(y 1 )) < ( f (x 1 , y 1 ), f (y 1 , x 1 )). Again there exist x 2 , y 2 ∈ P such that f (x 1 , y 1 ) = g(x 2 ) and f (y 1 , x 1 ) = g(y 2 ). Continuing this process we get two sequences {x n } n∈N and {y n } n∈N such that f (x n−1 , y n−1 ) = g(x n ) and f (y n−1 , x n−1 ) = g(y n ) and (g(x n ), g(y n )) ≤ ( f (x n , y n ), f (y n , x n )). Suppose (g(x n ), g(y n )) = ( f (x n , y n ), f (y n , x n )) then the proof is complete. Otherwise (g(x n ), g(y n )) < ( f (x n , y n ), f (y n , x n )) Now consider the collection of chains, Q = {C ⊆ P × P : C is a chain, (g(x), g(y)) ∈ C =⇒ ( f (x, y), f (y, x)) ∈ C and (g(x), g(y)) ≤ ( f (x, y), f (y, x))} Let C ′ = {(g(x 0 ), g(y 0 )), (g(x 1 ), g(y 1 )), (g(x 2 ), g(y 2 )), ...}, clearly C ′ ∈ Q ie, Q is nonempty, so (Q, ⊆) is a partially ordered set. By Zorn's lemma there exist a maximal element of Q say, M. By hypothesis there exist α ′ , β ′ ∈ P such that
Since g is an onto mapping there exist (α, β ) ∈ P × P such that (α ′ , β ′ ) = (g(α), g(β )) Also for each (x ′ , y ′ ) ∈ M there exist atleast one (x, y) ∈ P × P such that (x ′ , y ′ ) = (g(x), g(y)) So for all (g(x), g(y)) ∈ M, (g(x), g(y)) ≤ (g(α), g(β )) and (g(x), g(y)) ≤ ( f (x, y), f (y, x)) By mixed g− monotone property of f , ( f (x, y), f (y, x)) ≤ ( f (α, β ), f (β , α)) for all (g(x), g(y)) ∈ M which implies that (g(α), g(β )) ≤ ( f (α, β ), f (β , α)) Assume that (g(α), g(β )) / ∈ M.
Consider the chain M ′ = M ∪{(g(α (n) ), g(β (n) )) : n ∈ N} where g(α (n) ) = f (α (n−1) , β (n−1) ) and g(β (n) ) = f (β (n−1) , α (n−1) ) for all n ≥ 2 with α (1) = α and β (1) = β Clearly M ′ ∈ Q, a contradiction to the fact that M is maximal. So (g(α), g(β )) ∈ M which implies that ( f (α, β ), f (β , α)) ∈ M and (g(α), g(β )) ≤ ( f (α, β ), f (β , α)) Since (g(α), g(β )) = lub M, we get the result.
Acknowledgments
The first author would like to thank University Grant Commission for the financial support.
